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A fine balance among key biophysical factors is 
required for recovery of bipolar mitotic spindle 
from monopolar and multipolar abnormalities

ABSTRACT During mitosis, equal partitioning of chromosomes into two daughter cells re-
quires assembly of a bipolar mitotic spindle. Because the spindle poles are each organized by 
a centrosome in animal cells, centrosome defects can lead to monopolar or multipolar spin-
dles. However, the cell can effectively recover the bipolar spindle by separating the centro-
somes in monopolar spindles and clustering them in multipolar spindles. To interrogate how 
a cell can separate and cluster centrosomes as needed to form a bipolar spindle, we devel-
oped a biophysical model, based on experimental data, which uses effective potential ener-
gies to describe key mechanical forces driving centrosome movements during spindle 
assembly. Our model identified general biophysical factors crucial for robust bipolarization of 
spindles that start as monopolar or multipolar. These factors include appropriate force fluc-
tuation between centrosomes, balance between repulsive and attractive forces between cen-
trosomes, exclusion of the centrosomes from the cell center, proper cell size and geometry, 
and a limited centrosome number. Consistently, we found experimentally that bipolar centro-
some clustering is promoted as mitotic cell aspect ratio and volume decrease in tetraploid 
cancer cells. Our model provides mechanistic explanations for many more experimental phe-
nomena and a useful theoretical framework for future studies of spindle assembly.

INTRODUCTION
During mitosis, assembly of the bipolar mitotic spindle is essential 
for faithful segregation of the duplicated chromosomes into two 
daughter cells (Walczak and Heald, 2008; Prosser and Pelletier, 
2017). Nonbipolar spindles can lead to chromosome missegrega-
tion and chromosome number abnormalities in the daughter cells, 
which may cause cell death or abnormal cell behaviors, including 
those implicated in diseases such as cancer (Silkworth and Cimini, 
2012; Vitre and Cleveland, 2012).

Mitotic spindle assembly is a tightly orchestrated process, in 
which the microtubule (MT) network in the cell undergoes dramatic 
reorganization under the joint activity of a large number of mole-
cular motors and regulatory molecules (Walczak and Heald, 2008; 
Prosser and Pelletier, 2017). During this process, a pair of large mul-
tiprotein organelles called “centrosomes” (CSs) play a crucial role in 
organizing the MT arrays and forming the two poles of the mitotic 
spindle (Hoffmann, 2021). Aberrancies in the activity, number and 
structure of the CSs and their functionally associated cellular com-
ponents can cause defective spindle assembly, especially formation 
of monopolar and multipolar spindles (Hinchcliffe and Sluder, 2001; 
Godinho and Pellman, 2014). A monopolar spindle can be caused 
by defects in CS duplication, motor-dependent forces, or MT dy-
namics (Tillement et al., 2009). It can also be induced experimentally 
by chemical inhibitors of the Eg-5 motors that mediate antiparallel 
sliding of MTs and CS separation (Mayer et al., 1999; Kapoor et al., 
2000; Skoufias et  al., 2006). A persisting monopolar spindle 
can lead to aberrant mitotic exit and cell death (Hu et  al., 2008; 
Tillement et al., 2009). Although multipolar spindles can assemble 
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due to other defects (Maiato and Logarinho, 2014), the presence of 
supernumerary CSs, which is a common feature of cancer cells, 
often leads to multipolar spindle assembly (Chan, 2011; Godinho 
and Pellman, 2014). When multipolar cell division ensues, the 
daughter cells usually suffer from fatal aneuploidy (Ganem et  al., 
2009; Baudoin et al., 2020).

Interestingly, the spindle assembly process is rather robust and 
can often rescue itself from monopolar and multipolar abnormalities 
over the course of mitosis. For example, the spindle can effectively 
recover bipolarity from monopolarity induced by an Eg-5 inhibitor 
after the drug is washed out (Kapoor et al., 2000; Khodjakov et al., 
2003; Lampson et al., 2004). Similarly, cells can cluster supernumer-
ary CSs into two poles to preserve spindle bipolarity (Quintyne 
et  al., 2005; Ganem et  al., 2009; Silkworth et  al., 2009; Baudoin 
et al., 2020). In fact, CS clustering provides an important way for 
cancer cells with supernumerary CSs to avoid lethal multipolar divi-
sion, albeit at the cost of an elevated rate of minor, survivable chro-
mosome missegregation. The latter is implicated in development of 
chromosomal instability that drives carcinogenesis (Ganem et  al., 
2009; Silkworth et  al., 2009; Ogden et  al., 2012; Silkworth and 
Cimini, 2012; Milunovic-Jevtic et al., 2016).

Rescue from either the monopolar or multipolar abnormality is me-
diated largely by the same molecules that mediate formation of bipo-
lar spindles in a typical mitosis. How does the spindle assembly mech-
anism then operate such that it can rescue both the monopolar and 
multipolar abnormalities? In other words, how does the mechanism 
manage to separate and cluster the CSs, depending on needs, and 
effectively achieve a bipolar spindle under different perturbations?

In this work, we addressed the above question by combining 
biophysical modeling and experiments. Many previous modeling 
studies have addressed the dynamics and mechanics of spindle as-
sembly in different model organisms, often focusing on specific as-
pects of the process, such as CS separation (Cytrynbaum et  al., 
2003; Blackwell et al., 2017), spindle positioning (Kozlowski et al., 
2007; Som et al., 2019), spindle bipolarity (Blackwell et al., 2017; 
Lamson et al., 2019; Chatterjee et al., 2020; Edelmaier et al., 2020), 
MT alignment (Hepperla et al., 2014; Mirabet et al., 2018; Lamson 
et al., 2019; Edelmaier et al., 2020), MT-chromosome attachment 
(Burbank et al., 2007; Paul et al., 2009), and chromosome oscillation 
(Civelekoglu-Scholey et al., 2006; Liu et al., 2007, 2008; Civeleko-
glu-Scholey et al., 2013). Unlike most of these models, which resolve 
the dynamics of individual MTs, motors, crosslinkers, and so forth, 
here we built a parsimonious model that uses effective potential 
energies to characterize general types of forces that drive the move-
ments of CSs in the mitotic cell. The model was parametrized 
through combining the measured timing of separation of two CSs in 
normal mitoses after washout of the Eg-5 inhibitor and existing 
quantitative data on the molecular players in spindle assembly (e.g., 
typical magnitude of force generated by MT-associated motors and 
typical size of spindle; see Supplemental Table S1). The parsimoni-
ous model allowed us to predict general biophysical factors that are 
crucial for robust rescue of the bipolar spindle from monopolar and 
multipolar abnormalities. We found that intercentrosomal (inter-CS) 
force fluctuation with proper intensity and timescale is essential for 
CS separation and CS clustering in rectifying monopolarity and mul-
tipolarity, respectively. Effective CS clustering is further promoted 
by a balance between inter-CS attractive and repulsive interactions, 
rounding and shrinking of the cell, exclusion force driving CSs away 
from the center of the cell, and a smaller number of CSs. Particularly, 
our predictions about cell geometry and size were validated by our 
experimental observations in tetraploid DLD-1 cancer cells. Other 
predictions also provide explanation for a number of intriguing ob-

servations reported in the literature. Overall, our model provides 
critical physical insights and testable predictions for the key factors 
that ensure robustness and flexibility in mitotic spindle assembly.

MODEL
Effective potential energies
The ultimate spindle state, whether bipolar, monopolar, or multipo-
lar, depends on movement of the CSs in the cell. Movement of the 
CSs is driven by complex mechanical interactions mediated by the 
MTs, molecular motors, chromosomes, and other MT-associated 
proteins (Gergely and Basto, 2008; Walczak and Heald, 2008; 
Kramer et al., 2011; Marthiens et al., 2012; Prosser and Pelletier, 
2017; Elting et al., 2018) (Figure 1A). In this work, we built a parsimo-
nious biophysical model, in which the mechanical interactions are 
approximated by two types of potential energies. The first type 
comprises interactive potential energies between each pair of CSs 
(inter-CS energies), and the second type consists of potential ener-
gies between the CS and other cellular components, which effec-
tively drive CS movements along the radii of the cell (radial ener-
gies) (Figure 1B). The simplified representation of mechanical 
interactions allows us to focus on the most essential physical factors 
contributing to bipolar spindle formation, without detailing the spe-
cific molecular players.

Inter-CS energy. An inter-CS energy between a pair of CSs reca-
pitulates all the direct and indirect mechanical interactions between 
the two CSs (Figure 1A). These mechanical interactions can be at-
tractive or repulsive. Attractive forces are typically generated by mi-
nus-end directed molecular motors (e.g., kinesin-14 motors [Cai 
et al., 2009; Hepperla et al., 2014; She and Yang, 2017]) acting on 
the MTs connecting two CSs (Figure 1A, large brown arrows). Attrac-
tion can also occur between two CSs attached to the same chromo-
somal kinetochore, as MTs extending from the same kinetochore 
tend to align (Figure 1A, small brown arrows; Goshima et al., 2005). 
Similarly, repulsive forces are typically generated by plus-end di-
rected motors (e.g., Eg-5 [Kapitein et  al., 2005; Tanenbaum and 
Medema, 2010]) acting on the MTs connecting two CSs (Figure 1A, 
large blue arrows). Repulsion can also act between CSs attached to 
opposing sister kinetochores on a chromosome through the torque 
that orients the sister kinetochores back to back and points their as-
sociated MT bundles oppositely (Figure 1A, small blue arrows; Paul 
et al., 2009; Miles et al., 2022). Instead of detailing the molecular 
players and their dynamics, we depict the overall effect of the inter-
CS mechanical interactions between any two CSs as a potential en-
ergy that depends on the distance between the CSs (Figure 1, B and 
C). Particularly, net attraction between the CSs occurs over short in-
ter-CS distances and net repulsion occurs over long inter-CS dis-
tances (Figure 1C). Such a general setting is essential for bipolar 
spindle formation, because the alternative general setting, with net 
repulsion over short distances and net attraction over long distances, 
would drive the CSs into a “cloud” where all the CSs are spaced 
roughly at the energy-minimum distance between each other 
(Supplemental Figure S1), rather than forming a bipolar spindle. For 
simplicity, we express the inter-CS energy in a general form as Eq. 1.
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In Eq. 1, Φc,ij is the inter-CS potential energy between the i-th 
and j-th CSs. dij is the distance between the two CSs. Ka and Kr are 
the intensities of the attractive and repulsive forces, respectively. La 
and Lr are the characteristic ranges of the attraction and repulsion, 
respectively. Ld is the maximum distance over which two CSs can 
interact with each other. This is a convenient assumption that pre-
vents the repulsive energy well from becoming too deep when the 
size of the cell changes. Nevertheless, Ld is qualitatively related to 
the biophysical limitations of MTs and MT-associated motors.

The inter-CS force is obtained by taking the derivative of the in-
ter-CS energy with respect to the inter-CS distance (Eq. 2).
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Radial energy. During spindle formation, the CSs are typically lo-
cated in the space between the cell cortex and the chromosome 
mass (Manneville and Etienne-Manneville, 2006). Such a spatial con-
straint is initiated before nuclear envelope breakdown and contin-
ues throughout mitosis. Mechanistically, the spatial constraint is 
mediated by the following processes: 1) the CSs are spatially con-
fined by the cell cortex (Figure 1A, gray arrows); 2) the dyneins as-
sociated with the cell cortex attach to the astral MTs emanating from 
a CS and pull the CS toward the cell cortex (Elting et  al., 2018; 
Figure 1A, large black arrows); and 3) the chromosomes and nuclear 
components occupy the central region of the cell and exert a steric 
exclusion on the CSs (Figure 1A, small black arrows). The cortical 
confinement force points inward from the cell boundary; the cortical 
pulling forces and chromosome exclusion forces both point out-

ward. These inward and outward forces are captured by a potential 
energy along the radial direction (Figure 1, B and D). This radial 
energy positions the CSs preferably beneath the cell cortex, yet out-
side the chromosome mass. It is assumed to be a function of the 
distance of the CS from an effective “radial equilibrium surface,” S0, 
on which the inward and outward forces equate (Figure 1B, blue 
dashed ellipse). In this work, the cell shape is assumed to be an 
oblate spheroid, which is consistent with typical observations in cul-
tured mitotic cells (Magidson et al., 2011; Charnley et al., 2013; Lan-
caster et al., 2013). The radial equilibrium surface follows a similar 
geometry and is mathematically defined by Eq. 3, where the equa-
torial radius a is smaller than but close to the cell radius from the top 
view, and the polar axis length c is smaller than but close to the cell 
height.
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The radial potential energy is expressed as a piecewise function of the 
shortest distance of the CS to the radial equilibrium surface (Eq. 4).
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In Eq. 4, Kin and Kout are intensities of the inward and outward 
forces, respectively, and ri is the shortest distance of the i-th CS to 
the radial equilibrium surface. The sign of the distance indicates 
whether the CS is inside (negative) or outside (positive) the radial 
equilibrium surface.

The radial force on the i-th CS is obtained by taking the deriva-
tive of the radial potential energy with respect to ri (Eq. 5). When the 

FIGURE 1: Effective potential energies that drive spindle assembly. (A) Cartoon summary of key cellular components 
contributing to spindle assembly. The cartoon exemplifies a cell with four CSs. MTs connect the CSs, chromosomes, and 
cell cortex, with MT-associated motors exerting pushing and pulling forces among them. (B) Forces exerted on a CS by 
other CSs and other cellular components. Inter-CS forces are assumed to depend on the inter-CS distance, dij. The radial 
forces position the CS preferably underneath the cell cortex but outside the chromosome mass. The inward and 
outward radial forces are assumed to cancel each other out at a radial equilibrium surface (blue dashed line). (C and D) 
Effective potential energy profiles for the inter-CS (C) and radial forces (D). Red and blue legs in (C) represent attractive 
and repulsive zones, respectively, in the inter-CS interaction. Black and gray legs in (D) represent zones with net outward 
and inward forces, respectively, on the CS.
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CS is outside the radial equilibrium surface (ri ≥ 0), the radial force 
points inward (negative). When the CS is inside the radial equilib-
rium surface (ri < 0), the radial force points outward (positive).
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Temporal fluctuations in inter-CS forces
Spindle formation involves highly dynamic molecular processes, 
such as MT instability and random binding/unbinding of motors 
with the MTs. These dynamic processes are essential for separation 
of CSs and establishment of antiparallel MT arrays (Nedelec, 2002; 
Cytrynbaum et al., 2003; Ferenz et al., 2009; Hepperla et al., 2014; 
Blackwell et  al., 2017; Mirabet et  al., 2018; Lamson et  al., 2019; 
Edelmaier et  al., 2020). Because of these dynamic molecular 
processes, the inter-CS force constantly fluctuates over time 
(Figure 2A). We hence introduce stochastically fluctuating dynamics 
in the inter-CS force via Eq. 6.

F t F t F t t 0ij ij c ij,
� ξ ε( )( ) ( ) ( ) ( )+ − + =  (6)

In Eq. 6, Fij (t) is the instantaneous inter-CS force. Fc,ij (t) is the mean 
inter-CS force determined by the inter-CS potential energy (Eq. 2). ξ 
is the relaxation rate constant of the force fluctuation. The noise 
term ε(t) obeys the Gaussian distribution with the correlation func-
tion t t D t t2ε ε δ( ) ( ) ( )′ = − ′ , where t tδ ( )− ′  is the Dirac delta func-
tion and D is the level of force fluctuation. If an inter-CS distance is 
fixed, the fluctuating force would assume a Gaussian distribution 
(Figure 2B). Note that addition of the inter-CS force fluctuation to 
the model is necessary to recover the bipolar spindle from the mo-
nopolar state (Figure 3, B and C). We chose parameters for the force 
fluctuation (Supplemental Table S1) such that the time needed for 
initiating and completing CS separation in model simulations 
roughly matched those observed experimentally (Supplemental 
Figure S2; Supplemental Movie S1).

Equation of motion for CSs
Motion of each CS under the influence of the inter-CS and radial 
forces is governed by the Langevin equation given by Eq. 7.

t F F t
1

i r i r i ij ijj i, ,xx uu uu� ∑ ηηγ ( )( ) ( )= + +
≠  (7)

In Eq. 7, x t x t y t z t,  , i i i i( ) ( ) ( ) ( )=   is the position of the i-th CS at 

time t. t x t y t z t,  , i i i ixx� � � �( ) ( ) ( ) ( )=    is the velocity of the i-th CS. ur,i is 
the unit vector representing the direction of Fr,i; it points from xi 
toward the point on the radial equilibrium surface that has the shortest 

FIGURE 2: Inter-CS force fluctuation. (A) MT instability and dynamics of the MT-associated motors (cartoon on the left) 
cause temporal fluctuations in the inter-CS forces (example time plot on the right). (B) Equilibrium probability 
distribution of the fluctuating inter-CS force if the inter-CS distance were fixed. Temporal fluctuation of the inter-CS 
force follows the Langevin dynamics in Eq. 6. If the inter-CS distance were fixed, the force would follow a Gaussian 
distribution with mean value Fc,ij(dij) described by Eq. 2 and SD D2 /ξ .

distance from xi. xx xx d/ij i j ijuu ( )= −  is the unit vector representing the 
direction of Fij; it points from the j-th CS to the i-th CS. The noise term 

t t t t,  , 1 2 3ηη η η η( ) ( ) ( )( ) =   obeys the Gaussian probability distribu-

tion with the correlation function t t k T t t2
p q

B
pqη η δ δ( ) ( ) ( )′ = γ − ′ , 

where p q  , 1,2,3, pqδ=  is the Kronecker delta function, and t tδ ( )− ′  is 

the Dirac delta function. γ is the effective drag coefficient of the CS 
(with the associated MTs). kBT is the thermal energy. Incorporation of 
γ in the noise term follows from the fluctuation–dissipation theorem 
(Landau and Lifshitz, 1996). Fr,i and Fij are computed using Eqs. 5 and 
6, respectively. Note that the inter-CS force fluctuation is applied 
solely in the direction of the force, because this fluctuation is presum-
ably caused by fluctuations in the activities of motors, MTs, and other 
components that exert the force.

RESULTS
Inter-CS force fluctuation with proper intensity and 
timescale is essential for recovering bipolar spindle 
from monopolar state
We first investigated recovery of a bipolar spindle from the mono-
polar state in a cell with two CSs (Figure 3A). We ran 2-h simula-
tions of the model, starting with the two CSs close together (Sup-
plemental Movie S1). Depending on the time trajectory of the 
inter-CS distance, three types of behaviors can be found (Support-
ing Materials and Methods): 1) Stable bipolar: the CSs are fully 
separated to form a bipolar spindle that persists for a long time 
(Figure 3A, green trajectory). 2) Monopolar: the CSs are never sep-
arated in 2 h (Figure 3A, red trajectory). 3) Unstable: the CSs are 
separated only transiently, with frequent conversions of the spindle 
between bipolarity and monopolarity (Figure 3A, blue trajectory).

Our model results show that a proper level of inter-CS force fluc-
tuation is the key to bipolar spindle recovery from the monopolar 
state. Without the inter-CS force fluctuation, the spindle is stuck in 
the initial monopolar state (Figure 3, B and C), unless the inter-CS 
force intensity is very low (Figure 3B, bottom left corner). In the latter 
case, however, the bipolar spindle is unstable and hence cannot 
execute its function in mitosis (Figure 3B). These results can be un-
derstood as follows. The CSs are initially close to each other, that is, 
they start in the attraction zone in the inter-CS energy profile (Figure 
1C, red leg). Without inter-CS force fluctuation, the intrinsic thermal 
fluctuation of the CSs (i.e., η(t) in Eq. 7, which is quite small because 
it is physically constrained by γ, the effective drag coefficient of the 
CS and its associated MTs) is not sufficient to drive the CSs out of 
the attraction zone. This is true unless the inter-CS force intensity is 
very low, which corresponds to a very low energy barrier between 
the attraction and repulsion zones. With a very low energy barrier, 
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however, the system would quickly jump back and forth between 
the attraction and repulsion zones, rendering the bipolar spindle 
unstable. Increasing the inter-CS force fluctuation adds a constant 
perturbation to the system and helps the CSs escape the attraction 
zone. But if the inter-CS force fluctuation is too strong compared 
with the inter-CS force intensity, the fluctuation can also induce fre-
quent crossing of the energy barrier between the attraction and re-
pulsion zones and make the bipolar spindle unstable (Figure 3B). As 
the inter-CS force intensity increases, a stronger force fluctuation is 
needed to get the system out of the monopolar state (Figure 3B). 
Taken together, a proper level of inter-CS force fluctuation relative 
to the inter-CS force intensity is necessary for stable bipolar spindle 
recovery from the monopolar state.

Proper relaxation rate of the inter-CS force fluctuation is also im-
portant for recovering a stable bipolar spindle from the monopolar 
state. The relaxation rate constant ξ in Eq. 6 depicts how fast the 
inter-CS forces randomly rise and fall. The model predicts an opti-
mal relaxation rate constant around 10−2 s−1, which, in combination 

FIGURE 3: Effects of inter-CS force fluctuation on bipolar spindle recovery with two CSs. (A) 
Schematic representation of simulation and result analysis. Each simulation started with the two 
CSs in a cell close to each other, mimicking a monopolar state induced by Eg-5 inhibition. 
Movements of CSs were simulated for 2 h. The spindle dynamics can be categorized into three 
types: stable bipolar, monopolar, and unstable. Detailed method for determining the spindle 
state from the simulation data is described in Supporting Materials and Methods. (B and C) 
Model predicted fractions of three spindle states with varied inter-CS force fluctuation level 
versus varied inter-CS force intensity (B), and with varied inter-CS force fluctuation level versus 
varied relaxation rate constant for the inter-CS force fluctuation (C). Thirty stochastic simulations 
were performed for each parameter set. The fraction of each spindle state for a given parameter 
set is color coded according to the color triangle given in (A). In (B), attractive and repulsive 
force intensities change by the same amount, with the attractive force intensity always 40 pN 
smaller than the repulsive force intensity, as in the default parameter set (Supplemental Table 
S1); this asymmetry is necessary for forming a stable bipolar spindle (Supplemental Figure S3). 
The x-axis shows the attractive force intensity Ka.

with a proper fluctuation level, gives rise to 
a “sweet spot” with the highest fraction of 
stable bipolar spindles (Figure 3C, green 
area). Indeed, the timescales associated 
with MT instability and binding/unbinding 
dynamics of MT-associated motors—the 
source of inter-CS force fluctuation—fall in 
the range of tens of seconds (Verde et al., 
1992; Belmont and Mitchison, 1996; Valen-
tine et al., 2006; Gardner et al., 2011; Kun-
war et al., 2011; Norris et al., 2018; Reine-
mann et  al., 2018), consistent with the 
optimal relaxation rate predicted for inter-
CS force fluctuation. Overall, these results 
indicate that inter-CS force fluctuation with 
proper intensity and timescale is crucial for 
recovering a stable bipolar spindle from the 
monopolar state.

Balance between inter-CS attraction 
and repulsion is required for bipolar 
CS clustering
We next turned to the CS clustering process 
in a cell with supernumerary CSs. In the next 
few subsections, we will report the model-
predicted effects of various biophysical fac-
tors in a cell with four CSs (because cells that 
undergo whole genome doubling—a fre-
quent event in tumor evolution [Lens and 
Medema, 2019]—will enter mitosis with four 
CSs). However, it is worth noting that our 
findings about these biophysical factors 
hold true for different numbers of extra CSs.

For a cell with four CSs, we ran 2-h simu-
lations with the CSs randomly scattered in 
the cell at the initial time (Figure 4A; Supple-
mental Movie S2). We classified the results 
into three types based on the number of 
spindle poles at the end of a simulation: 1) 
monopolar, 2) bipolar, and 3) multipolar 
(Figure 4A, Supporting Materials and 
Methods). Stability of the states will be plot-
ted separately in the cases that warrant a 
discussion of it.

The model reveals opposite effects imposed by the inter-CS at-
traction and repulsion on the spindle state. Stronger attraction pro-
motes monopolarity (Figure 4B, red area), because in this case, the 
CSs tend to enter and stay in the deep attraction zone of the inter-CS 
potential energy (Figure 1C). Conversely, stronger repulsion encour-
ages multipolarity (Figure 4B, blue area), because the CSs are more 
likely to stay in the deep repulsive energy well at the far end of the 
inter-CS potential energy (Figure 1C). Bipolarity is favored when the 
attractive force scales with the repulsive force (Figure 4B, green area).

In addition, sufficient levels of both attraction and repulsion be-
tween CSs are necessary for forming a stable bipolar spindle. When 
inter-CS attraction and repulsion are too low, even if they scale with 
each other and spindle bipolarity occurs with a substantial frequency, 
most of these bipolar spindles are unstable (Figure 4C; Supplemen-
tal Figure S4) and cannot stay bipolar for ≥30 min (Supporting 
Materials and Methods). This is because random fluctuations (both 
intrinsic fluctuations and fluctuations in the inter-CS forces) can eas-
ily bring the system out of the shallow energy wells.
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Overall, we found that formation of stable bipolar spindle re-
quires sufficient and balanced inter-CS attraction and repulsion. 
Note that, similar to the system with two CSs, a multi-CS system also 
requires a balance between the inter-CS force intensity and force 
fluctuation level for effective bipolar spindle formation (Supplemen-
tal Figure S5). However, the spatial ranges of inter-CS attraction and 
repulsion do not have a significant effect on the spindle state (Sup-
plemental Figure S6A).

Cell rounding facilitates bipolar CS clustering while slight 
flatness guides spindle orientation
We then explored the effect of cell geometry on CS clustering. We 
ran simulations with the same settings as those described in the 
previous section but assigned different aspect ratios and a fixed vol-
ume to the model cell. Interestingly, the model reveals that a 
rounder cell geometry facilitates bipolar spindle formation (com-
pare Figure 5, A and B, with Figure 4, B and C). Compared with a 
perfectly round geometry (Figure 5A) or the default, slightly flat ge-
ometry that is typically observed in cultured cells (Figure 4B), se-
verely flat cells are predicted to suffer significantly lower fraction of 
bipolar spindles and higher fraction of multipolar spindles across the 
range of inter-CS attractive and repulsive force intensities (Figure 
5B). The fraction of stable bipolar spindles is also significantly lower 
in severely flat cells (Figure 5B) than in rounder cells (Figures 4C and 

FIGURE 4: Effects of inter-CS attraction and repulsion on spindle formation with four CSs. 
(A) Schematic representation of simulation and result analysis. Each simulation started with four 
CSs randomly scattered, and CS movement was simulated for 2 h. At the end of the simulation, 
the spindle can assume the bipolar, multipolar, or monopolar state. Detailed method for 
determining the spindle state from the simulation data is described in Supporting Materials and 
Methods. (B) Model predicted fractions of three spindle states with varied inter-CS attractive 
and repulsive force intensities. The fraction of each spindle state for a given parameter set is 
color coded according to the color triangle given in (A). (C) Model predicted fraction of stable 
bipolar spindle (in all simulations) with varied inter-CS attractive and repulsive force intensities. 
Thirty stochastic simulations were performed for each parameter set. 

5A). When the spatial ranges of inter-CS at-
traction and repulsion vary, the model also 
predicts a low fraction of bipolar spindles 
and high fraction of multipolar spindles in 
severely flat cells (Supplemental Figure 
S6C), whereas the fraction of bipolar spin-
dles stays high for most values of spatial 
ranges with the default and round geome-
tries (Supplemental Figure S6, A and B).

These model results can be understood 
from an energetic perspective. The mini-
mum-energy principle mandates that the 
CSs are driven to either the attractive en-
ergy well (i.e., clustering) or the repulsive 
energy well (i.e., wide separation). Note that 
the repulsive energy well in our model is 
deeper than the attractive well (Supplemen-
tal Table S1), which is necessary for favoring 
bipolarity over monopolarity in normal cells 
with two CSs (Supplemental Figure S3). 
Hence, in principle, the total energy of the 
system is minimized and the most stable 
state is achieved if all CSs can be widely 
separated from each other. The limited 
space in a cell, however, may not allow such 
a full separation to happen (in terms of en-
ergy, full separation incurs a big penalty 
from the inward radial potential energy). In 
this case, CS clustering offers the next best 
solution, which combines the energetically 
optimal wide separation between clusters of 
CSs with the slightly higher energy in the at-
tractive energy well for CSs within clusters. 
Overall, the total energy is minimized when 
the CSs form as many sufficiently distanced 
clusters as possible, given the space inside a 
cell. Bearing this general principle in mind, 
we can examine the effect of cell geometry. 

Compared with rounded cells, a severely flat cell has a larger equa-
tor (in the central x–y plane) in our model cell (Figure 5C, gray lines 
and circles). As shown below, the CSs tend to localize close to the 
equator (Figure 6). With the large space around the equator in a flat 
cell, the CSs can comfortably stay in the repulsive energy wells, 
while being scattered in multiple loci along the equator (Figure 5C, 
bottom row). In rounder cells, however, as the equator shrinks, the 
CSs cannot be separated far enough to stay low in the repulsive 
energy wells, unless they form only two clusters with the small price 
of raising the inter-CS energy slightly for the clustered CSs (Figure 
5C, top row). In summary, the large equators in severely flat cells 
make multiple CS clusters energetically more favorable than two CS 
clusters, while the opposite is true in rounded cells (Figure 5C, sum 
of inter-CS energies).

Nevertheless, the cell does not need to be perfectly round to 
effectively cluster its extra CSs: the fractions of bipolar spindles 
and stable bipolar spindles are comparable between the perfectly 
round geometry and the slightly flat, default cell geometry 
(Figures 4, B and C, and 5A; Supplemental Figure S6, A and B). 
Importantly, the aforementioned findings are consistent with ex-
perimental observations that suppression of cell rounding beyond 
a critical threshold, such as that caused by physical confinement, 
can cause splitting of the spindle poles and multipolar division, 
even in cells with only two CSs (Tse et al., 2012; Lancaster et al., 2013; 
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Taubenberger et al., 2020). Our model hence provides mechanis-
tic insights into these intriguing observations.

Furthermore, our model predicts that flattening a cell can help 
orient the spindle (Figure 6). We plotted histograms of the altitude 
angles of the spindle poles at the end of the simulations (Figure 6A). 
In a perfectly round cell, the distribution of the angles matches the 
theoretical probability density function for a homogeneous distribu-
tion of the CSs around the cell surface (Figure 6B; Eq. S10 in 
Supporting Materials and Methods). In slightly flat and severely flat 
cells, compared with their respective theoretical homogeneous 
distributions, the spindle pole angles are dramatically concentrated 
around 0°, which is around the equator of the cell (Figure 6, C and 
D; Eq. S10 in Supporting Materials and Methods). This result can be 
understood with the same line of reasoning as mentioned previ-
ously. The short axis of the cell is not long enough to accommodate 
the repulsive energy well between CSs; hence, the CSs are driven 
toward the more spacious equator in the x−y plane. Of particular 
note, the slight flatness in the default geometry is sufficient to orient 
the spindle to an extent that is indistinguishable from a severely flat 
cell (Figure 6, C and D). Combined with the finding that the default 
geometry facilitates bipolar spindle formation as effectively as a per-
fectly round cell (Figures 4 and 5), the slightly flat default geometry 
can therefore fulfill two functions simultaneously: promoting bipolar 
spindle formation and aligning the spindle axis parallel to the equa-
torial plane of the cell. This may explain why mitotic cells round up 
but typically not to the point of becoming perfect spheres.

Smaller cell size promotes bipolar CS clustering
We next examined the effect of cell size by varying the cell volume 
in our model. Because cell size is often coupled with cell geometry 
(Cadart et al., 2014; Bloomfield et al., 2021), we used the model to 
investigate how cell size and aspect ratio jointly affect CS clustering 
in a cell with four CSs. The model predicts that a larger cell volume 
promotes multipolarity, whereas a smaller cell volume facilitates bi-
polar CS clustering (Figure 7A). The reason for these results is the 
same as those given in the previous section, that is, a larger space 
makes CS separation energetically more favorable. In smaller cells, 
multiple CS clusters cannot be separated far enough to rest in the 
repulsive energy well (Figure 1C) and hence the CSs have to aggre-
gate in two clusters to achieve minimum total energy. If the cell 
volume becomes so small that even two clusters cannot be suffi-
ciently distanced from each other, then all CSs would collapse into a 
monopolar spindle at a significant probability (Figure 7A, bottom 
left region), and bipolar spindles, even if formed, are less stable 
(Supplemental Figure S8, A and B, bottom left region). Finally, simi-
lar to the previous results (Figure 5), a smaller aspect ratio promotes 
CS clustering and vice versa (Figure 7A).

To test these model predictions, we took advantage of various 
tetraploid (4N) DLD-1 cell clones with significantly different cell sizes 
(Supplemental Figure S7A). The clones of large cells (L clones) also 
exhibited significantly larger cell aspect ratio in mitosis than the 
clones of small cells (S clones) (Supplemental Figure S7B). If we as-
sume that only the cell size and aspect ratio differed among the 4N 
clones, whereas the other factors were largely consistent due to their 
nearly identical genetic background, then the model would predict a 
higher rate of bipolar CS clustering in the small 4N clones compared 
with the large 4N clones (Figure 7A, right). Indeed, despite the frac-
tion of mitotic cells with extra CSs being similar in all 4N clones (Sup-
plemental Figure S7C), there were substantially higher fractions of 
cells with multipolar spindles in the large 4N clones than the small 4N 
clones (Supplemental Figure S7D). This suggests that compared with 
large cells, small 4N cells with extra CSs were more efficient at clus-

tering their CSs and forming bipolar spindles (Figure 7B; Supple-
mental Figure S7E), which is consistent with our model prediction.

Together, we found that cell shape and cell size both affect the 
spindle state, and bipolar CS clustering is promoted in rounder and 
smaller cells.

Exclusion of CSs from the cell center promotes stable 
bipolar spindle
CSs are typically excluded from the center of a mitotic cell: in pro-
phase, they are located outside the nucleus, and after nuclear enve-
lope breakdown, they continue to be excluded from the dense 
chromosome mass that occupies the center of the cell, as well as 
getting pulled toward the cell cortex by cortical dynein (Wittmann 
et al., 2001; Moore and Cooper, 2010). In our model, exclusion of 
CSs from the center of the cell is characterized by the radial poten-
tial energy (Eq. 4), particularly the outward half of the potential en-
ergy (the inward radial force simply represents the hard boundary of 
the cell). Here, we used the model to explore whether exclusion of 
CSs from the cell center might play any functional role in bipolar 
spindle formation.

Our model results indicate that the outward force does not sig-
nificantly affect the distribution of spindle states at the end of the 
2-h simulations (Figure 8A; Supplemental Figure S9, A and D). How-
ever, a sufficient level of outward force is necessary for the stability 
of bipolar spindles (Figure 8, B and C; Supplemental Figure S9, B, C, 
E, and F). This model result can be understood in the following way: 
stability of a bipolar spindle with extra CSs depends on how easily a 
CS can escape the energy wells caused by intracluster attraction 
and intercluster repulsion. If the CS can escape easily, then the spin-
dle is unstable. Vice versa, difficulty in escaping stabilizes the spin-
dle. Furthermore, the escape is mediated by random fluctuations—
both intrinsic fluctuations of the CS itself and fluctuations of inter-CS 
forces. In a bipolar spindle, these random fluctuations cause a CS to 
move either perpendicular or parallel to the spindle axis (Figure 8D, 
top left). The outward radial force, however, acts as a rectifier that 
inhibits CS movements parallel to the spindle axis. Consequently, 
fluctuations in the distance between the two CS clusters are sup-
pressed (Figure 8D, red path inhibited by outward radial force). In 
other words, by keeping CSs near the cell membrane, the outward 
radial force prohibits the CS to escape from the energy well caused 
by intercluster repulsion; this helps sustain the bipolar spindle (Sup-
plemental Movie S2). Without the outward force, the CS can easily 
move parallel to the spindle axis toward the center of the cell, which 
facilitates the transition into a transient multipolar state (Supplemen-
tal Movie S3) or a different bipolar spindle configuration (i.e., bipo-
larity with different sets of CSs clustered) (Supplemental Movie S4). 
Although the spindle may still end up bipolar, frequent CS transloca-
tions can cause merotelic kinetochore-MT attachments, a major 
cause of chromosome missegregation and aneuploidy (Silkworth 
and Cimini, 2012). In summary, the outward radial force stabilizes 
the bipolar spindle through inhibiting random translocation of CSs 
across the interior of the cell.

Cells with more CSs are less effective in bipolar CS 
clustering
Finally, we investigated how bipolar CS clustering depends on the 
number of CSs in the cell. The model predicts that cells with more 
CSs are less effective at forming a bipolar spindle (Figure 9), as well 
as at maintaining a stable bipolar spindle (Supplemental Figure 
S10). This is predicted because more CSs provide more metastable 
multipolar spindle configurations that compete with the bipolar 
configurations. (The spindle configuration refers to the specific 
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FIGURE 5: Effects of cell geometry on spindle formation with four CSs. (A and B) Model predicted fractions of three 
spindle states (middle column, triangular color map on top) and stable bipolar spindles (right column, color bar on top) 
in a perfectly round cell (small aspect ratio) (A) and in a severely flat cell (large aspect ratio) (B). The aspect ratio refers to 
the ratio between the length of the x-/y-axis (a) and that of the z-axis (c) of the radial equilibrium surface (and the cell); 
the x- and y-axes assume the same length in all cells. Cells with different aspect ratios assume equal volume within their 
radial equilibrium surfaces. Predictions were made for varied inter-CS attractive and repulsive force intensities, like in 
Figure 4, B and C. Thirty 2-h stochastic simulations were performed for each parameter set. (C) Illustration of why flat 
cell geometry favors the multipolar state using examples with three CSs in the cell. Gray lines and circles: equator (in the 
central x–y plane) in the model cell. Yellow solid circles: CSs. Colored dots on energy profile illustrate the inter-CS 
distances (color coded the same way for edges connecting yellow circles in the cartoon diagram) and corresponding 
inter-CS energies between each pair of CSs. Stacked colored bars illustrate summing of inter-CS energies in each case. 
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arrangement of CSs in a particular spindle state.) In thermodynamic 
terms, this raises the entropy of the ensemble multipolar state, 
making it energetically more favorable. A more intuitive way to un-
derstand it is as follows: as the number of CSs in a clustered spindle 
pole increases, it is more likely that one or more CSs randomly es-
cape from a CS cluster to reach another multipolar configuration.

DISCUSSION
Formation of a bipolar spindle is necessary for passing on a correct set 
of chromosomes to the daughter cells and is one of the most con-
served and prominent cellular events in mitosis. In this study, we in-
vestigated how bipolar spindle formation can robustly take place 
when the cell is challenged by perturbations to its CSs, which organize 
the poles of the mitotic spindle. We specifically constructed an en-
ergy-based model to characterize the forces driving the movements 
of CSs during spindle formation. The model allowed us to identify 
important biophysical factors that facilitate the cell to both recover a 
bipolar spindle from monopolarity (in the case of normal two CSs) and 
cluster extra CSs into two poles (in the case of extra CSs).

FIGURE 6: Flatness of a cell helps orient the spindle along the long axis of the cell. (A) The 
spindle orientation is quantified by the altitude angle θ of each spindle pole with respect to the 
equator in the x–y plane. This is where the two equal, long axes lie. (B, C, and D) Distribution of 
the altitude angle of spindle poles with a perfectly round geometry (B), the default, slightly flat 
geometry (C), and a severely flat geometry (D). Dashed curves: theoretical probability density of 
spindle pole angles if the poles are homogeneously distributed on the radial equilibrium surface 
(see derivation in Supporting Materials and Methods). Bars: histograms of 200 simulated spindle 
pole angles in each case.

Our model brings novel explanation to 
experimental phenomena
Findings from our model explain a wide ar-
ray of experimental phenomena and reveal 
important design principles behind the 
molecular mechanism of spindle assembly. 
First, we found that temporal fluctuation in 
the inter-CS force with proper intensity and 
relaxation timescale aids bipolar spindle for-
mation under both types of perturbations 
(Figure 3; Supplemental Figures S5 and 
S11). Notably, the predicted optimal relax-
ation timescale for the force fluctuation, ap-
proximately tens of second, matches the 
timescales associated with MT instability 
and binding/unbinding of MT-associated 
motors (Verde et  al., 1992; Belmont and 
Mitchison, 1996; Valentine et  al., 2006; 
Gardner et  al., 2011; Kunwar et  al., 2011; 
Norris et al., 2018; Reinemann et al., 2018), 
which are major sources of the force fluctua-
tion. Recent studies, indeed, indicated the 
importance of MT instability and dynamic 
motor-MT attachment for CS separation and 
bipolar spindle assembly (Mitchison et  al., 
2005; Lamson et al., 2019).

Second, we found the balance between 
inter-CS attraction and repulsion to be im-
portant for establishing bipolar spindles 
(Figure 4). Consistent with our model pre-
diction, simultaneous inhibition of motors 
that generate attraction and repulsion be-
tween CSs results in bipolar spindle forma-
tion, although inhibition of single motors 
results in abnormal spindle assembly (Gaglio 
et al., 1996; Saunders et al., 1997; Mountain 

et al., 1999; Tanenbaum et al., 2008; van Heesbeen et al., 2014; 
Neahring et al., 2021).

Third, the model predicted that cell rounding facilitates CS clus-
tering and bipolar spindle formation (Figure 5). Indeed, mitotic cell 
rounding is a universal property of animal cell division and plays an 
important role in facilitating successful cell division (Taubenberger 
et al., 2020). Disruption of cell rounding, for instance, by physical 
confinement, causes severe deformation of the mitotic spindle, 
particularly spindle pole splitting and subsequent multipolar divi-
sion, even in normal cells with two CSs (Tse et al., 2012; Lancaster 
et al., 2013). Although CSs act as major MT-organizing centers in 
the cell, spindle MTs can assemble via CS-independent pathways; 
therefore, even normal mitotic cells with two CSs can suffer from 
multipolarity under extreme perturbations. These experimental 
phenomena can hence be compared with our model results about 
cell rounding for cells with extra CSs (Figure 5). Contrasting the 
previous theory that flattened cells do not provide enough room for 
spindle formation (Taubenberger et al., 2020), our model suggests 
that flattened cells have a larger equator, which can energetically 

CSs tend to be localized around the edge of the equator in our model results. In a round cell, the equator is small, which 
prevents inter-CS distances in the multipolar state to all reach the repulsive energy well (top right diagram). 
Consequently, the total energy is lower in the bipolar state. In contrast to the round cell, a flat cell with the same cell 
volume has a larger equator; in this large equator, the distances between multiple spindle poles are all long enough to 
reach the repulsive energy well (bottom right diagram). Consequently, the total energy is lower in the multipolar state.
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favor multiple spindle poles (Figure 5C). Moreover, a slight flatness 
can help orient the spindle (Figure 6) without affecting bipolar spin-
dle formation (Figure 4). Indeed, mitotic spindles are observed to 
align with the long axis of the cell (O’Connell and Wang, 2000; 
Strauss et al., 2006; Minc et al., 2011; Xiong et al., 2014) (which cor-
responds to the x–y equatorial plane in our model as the cell as-
sumes the shape of an oblate spheroid). Previous models suggest 
that the alignment is mediated by the cortical force exerted by dy-
nein on the astral MTs (Minc et  al., 2011; Li and Jiang, 2018; Li 
et al., 2019). Here, our model provides an additional explanation 
based on the inter-CS energies.

Fourth, our model predicted that smaller and rounder cells tend 
to be more effective in bipolar CS clustering whereas larger and flat-
ter cells are more prone to forming multipolar spindles. This predic-
tion was verified by our experiments on tetraploid cell clones of 
different cell sizes (Figure 7). It is important to note that in very large 
cells such as oocytes, the chromosomes and MT network are sur-
rounded by an actin network, and proper chromosome attachment 
and alignment are promoted by the actin network (Lenart et  al., 
2005; Mori et al., 2011; Uraji et al., 2018; Booth et al., 2019); it is 
possible that the actin network may also facilitate bipolar spindle 
formation through confining the spindle components to a much 
smaller physical space than the whole cell.

Fifth, we found that the outward radial force helps stabilize the 
bipolar spindle and prevent transient CS translocation that could 
cause merotelic kinetochore-MT attachments and chromosome 
missegregation (Figure 8; Supplemental Figure S9). This finding 
points out one functional role of exclusion of CSs from the cell cen-
ter, especially by active mechanisms such as pulling by cortical dy-
nein. This novel role contrasts with the established function of corti-
cal dynein and cortical force in regulating spindle assembly, spindle 
positioning, and CS clustering in relation to the extracellular envi-
ronment (Basto et  al., 2008; Kiyomitsu and Cheeseman, 2012; 
Knouse et al., 2018; Mercadante et al., 2023).

Finally, our model predicts that increasing the number of extra 
CSs in a cell impedes bipolar spindle formation (Figure 9). This 

could explain the rarity of cells with more than four CSs in cell popu-
lations with elevated frequency of supernumerary CSs (Okuda et al., 
2000; Fisk and Winey, 2001; Tarapore et al., 2002; Denu et al., 2016; 
Baudoin et al., 2020)—these cells would have difficulty forming a 
bipolar spindle and would produce unviable cells as a result of mul-
tipolar division and severe chromosome segregation errors.

Our model suggests a unified thermodynamic perspective 
to understand bipolar spindle formation
Our model provides a novel and unified thermodynamic perspec-
tive to understand the effects of biophysical factors on robust bi-
polar spindle formation. This thermodynamic understanding can 
be illustrated by how the free-energy landscape of spindle state 
depends on each biophysical factor (Figure 10). Note that a par-
ticular factor may affect the free energies associated with the mo-
nopolar, bipolar, and multipolar states by changing their enthalpy 
and/or entropy (free energy = enthalpy − temperature × entropy) 
(Figure 10A). Generally speaking, enthalpy is associated with the 
depth of the potential energy wells (deeper energy well corre-
sponds to lower enthalpy), whereas entropy, as a measure of disor-
der, is associated with the number of “microconfigurations” in a 
spindle state (i.e., combination of specific locations of each CS). 
When a state assumes a lower free energy with respect to the other 
states, it becomes energetically more favorable and the cell is 
more likely to approach such a state of low free energy. For our 
default parameter set, the bipolar state assumes the lowest free 
energy and is most favorable.

Now let us consider the effect of each biophysical factor. Increas-
ing the inter-CS attraction deepens the attractive well of the inter-CS 
energy, which strongly decreases the enthalpy and free energy of 
the monopolar state relative to the other two states and thus pro-
motes the monopolar state (Figure 10, B-i). Increasing inter-CS re-
pulsion does exactly the opposite and promotes the multipolar 
state (Figure 10, B-ii). Increasing the cell size or aspect ratio enlarges 
the physical space in which the CSs tend to lie in (i.e., the equator), 
which not only avoids the enthalpic penalty of CS scattering that 

FIGURE 7: Cell size and aspect ratio both affect spindle state. (A) Model predicted fractions of three spindle states with 
varied cell volume and aspect ratio in cells with four CSs (color coded according to the color triangle on the right). Thirty 
2-h stochastic simulations were performed for each parameter set. The plot on the right shows simulated results with 
denser data points in a smaller parameter range covering the experimentally observed relative cell volumes (0.5–1.5) 
and aspect ratios (1.0–1.5) in tetraploid DLD-1 cell clones (Supplemental Figure S7). Relative cell volume in the model 
was calculated by dividing the volume enclosed by the radial equilibrium surface by that for the default parameter set 
(Supplemental Table S1). The experimental relative cell volume was calculated by dividing with the measured cell 
volume by 3100 µm3 (approximate mean volume of all cells). Dashed circles labeled with “S” and “L” mark the range 
defined by mean relative volume ± SEM and mean aspect ratios ± SEM observed in clones of small cells and large cells, 
respectively (Supplemental Figure S7). (B) Experimentally measured fraction of cells forming bipolar spindles in the cells 
with extra CSs in small and large tetraploid DLD-1 clones. Lines: mean fractions. Dots: values in experimental replicates 
(from Supplemental Figure S7E). 
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happens to small spaces (Figure 5C) but also increases the entropy 
of the multipolar state with respect to the other two states (as there 
are more possible multipolar configurations than monopolar and 
bipolar ones). Overall, the free energy of the multipolar state is 
lower than the other two states when the cell size or cell aspect ratio 
is large (Figure 10, B-iii and iv). Increasing the CS number lowers the 
enthalpy of all three spindle states, as each CS interacts with more 
CSs through attraction or repulsion. But a larger CS number specifi-
cally introduces more combinations of CS locations in the multipolar 
state and hence increases the entropy of the state. Therefore, the 
multipolar state achieves a lower free energy than the other two 
tates (Figure 10, B-v). Increasing the inter-CS force fluctuation does 
not change the relative free energy of the three spindle states but 

FIGURE 8: Outward radial force promotes stable bipolar spindles. (A) Model predicted fractions of three spindle states 
with varied outward radial force intensity and cell aspect ratio (color coded according to the color triangle on the top). 
(B) Model predicted fraction of stable bipolar spindles out of all simulations. (C) Model predicted fraction of stable 
bipolar spindles out of bipolar spindles. Thirty 2-h stochastic simulations were performed for each parameter set. 
(D) Illustration of why the outward radial force promotes stable bipolar spindle. Random CS movements parallel to the 
spindle axis (red path) significantly affect inter-CS energies both within and between clusters, whereas those 
perpendicular to the spindle axis (green path) only significantly affect the energies within clusters. Therefore, the parallel 
fluctuation is more effective in helping the system cross the energy barrier and reach another spindle configuration, 
which disrupts stability of the spindle. Because the outward force inhibits CS movements parallel to the spindle axis (red 
path inhibited), it stabilizes the bipolar spindle. 

FIGURE 9: Predicted fractions of bipolar and multipolar spindles with 
various CS numbers. Fifty 2-h stochastic simulations were performed 
for each CS number. CSs were initially randomly scattered in each 
simulation.



12 | X. Li et al. Molecular Biology of the Cell

rather imposes an effect similar to increasing the temperature of the 
system or lowering the energy barriers between each state (Figure 
10, B-vi). This allows the system to escape more readily from the 
monopolar state and reach the bipolar state; however, too much 
fluctuation would make the bipolar spindle unstable. Finally, shut-
ting off the outward radial force has an analogous effect to increas-
ing the inter-CS force fluctuation, because the outward radial force 
rectifies the random fluctuations along the spindle axis (Figure 8D). 
Hence, this is also analogous to increasing the temperature of the 

system or lowering the energy barriers between states (Figure 10, 
B-vii). Altogether, bipolar spindle formation can be regarded as a 
result of balanced energetic control by these biophysical factors.

Our model provides a succinct theoretical framework for 
spindle assembly
Compared with agent-based models that have been widely used in 
the study of spindle assembly, formulating our model with simple 
effective potential energies provided several advantages. First, the 

FIGURE 10: Thermodynamic view of the effects of each biophysical factor. (A) Three types of effects on the free energy 
of the multipolar, bipolar, and monopolar states. G = free energy, H = enthalpy, T = temperature, and S = entropy. The 
solid curve with gray background represents the free-energy landscape of the default parameter set. The colored 
dashed lines represent three types of possible impacts by the biophysical factors. Note that the dashed lines illustrate 
the relative, rather than absolute, free energy of the three spindle states, as only the relative free energy matters for the 
thermodynamic outcome. (B) Effects of stronger inter-CS attraction (i), stronger inter-CS repulsion (ii), larger cell size (iii), 
larger cell aspect ratio (iv), larger CS number (v), stronger inter-CS force fluctuation (vi), and elimination of outward 
radial force (vii), respectively, on the free energy of the spindle states. Labeled types correspond to the types in (A).
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simple energetic model can be simulated with a much lower compu-
tational cost. This is especially advantageous for stochastic models, 
for which small time steps and multiple random repeats are neces-
sary. The low computational cost allows us to comprehensively ex-
plore the model’s behavior over its parameter space. Second, the 
simple model allows us to distill the fundamental principles underly-
ing bipolar spindle formation more easily. Although agent-based 
models, when equipped with well-tuned parameters, can provide 
more accurate and detailed predictions, it is often difficult to under-
stand why exactly the predictions emerge as the model is highly 
complex. When this happens, the model fails to bring insight into the 
biological system. In contrast, our simple model provides a unified 
base to explain various predictions and thus valuable insights into the 
corresponding experimental phenomena. Although simplified, our 
model’s ability to account for numerous experimental phenomena in 
spindle assembly suggests that the majority of the intricate process 
of spindle assembly can be captured by these succinct fundamental 
principles. For example, the complex direct and indirect mechanical 
forces between CSs must be attractive over short distances and re-
pulsive over long distances, plus additional fluctuations in the forces. 
These demonstrate crucial design principles of spindle self-assembly 
regardless of which molecules actually carry out the process.

Comparison with previous models
A similar energy-based modeling approach was adopted by Chat-
terjee et al. (2020) to model CS clustering. In Chatterjee et al. (2020), 
the authors used Monte Carlo method to estimate the probability of 
reaching different configurations based on their energies, without 
considering the actual dynamics. This is similar to the thermody-
namic principle that governs the behavior of our model. Unlike our 
model, however, Chatterjee’s model resolves individual chromo-
somes, which play important roles in CS clustering, such as sterically 
blocking CS clustering (Goupil et al., 2020) or generating torque to 
promote CS clustering (Miles et al., 2022). But it should be noted that 
these chromosome-mediated effects are all combined in our model 
into the inter-CS and radial potential energies. Particularly, the steric 
blockage by chromosomes (Goupil et al., 2020) likely provides part of 
the inter-CS repulsion. Stabilizing MTs, as that tested in Goupil et al. 
(2020), likely shrinks the spatial range of inter-CS repulsion, as longer 
MTs could allow the CSs to bypass the chromosome-mediated block-
age, form attractive interactions between each other, and hence can-
cel out the repulsive interactions. In this case, our model would also 
predict promotion of bipolar spindle formation (Supplemental Figure 
S6A), like that observed in the model and experiments of Goupil 
et al. (2020). Furthermore, the torque that rotates the chromosomes 
with respect to the CSs (Miles et al., 2022) provides part of the inter-
CS attraction if two CSs are connected to the same kinetochore of 
the chromosome, or inter-CS repulsion if they are connected to the 
sister kinetochores. More interestingly, when we assessed the total 
effective energy associated with any given target CS (while all the 
other components are fixed in space), the spatial pattern of this en-
ergy is qualitatively similar between our model and Chatterjee’s 
model for typical spatial distributions of the chromosomes found at 
different stages of prometaphase (Supplemental Figures S12–S14). 
Not surprisingly, both our study and the study by Chatterjee et al. 
(2020) identified balance between inter-CS attraction and repulsion 
as a crucial factor for achieving bipolar CS clustering.

However, a critical addition of our model compared with Chat-
terjee’s model is the dynamics of the process, as the spindle must 
become bipolar within a biologically relevant time and stay bipolar 
for sufficiently long. With explicit stochastic simulation of CS move-
ments, we were able to explore how the spindle achieves bipolarity 

with reasonable timing and stability. In particular, our study has 
pointed out the importance of inter-CS force fluctuation in enabling 
proper timescale of bipolar spindle formation and maintenance, 
and provided insights into how CSs strike a balance between sepa-
ration and clustering to form two spindle poles.

Note that while Chatterjee’s model reports the probabilities of 
each spindle state based on an energy equilibrium, our model re-
ports the probabilities away from equilibrium. Equilibrium, as that as-
sumed in Chatterjee’s work, implies fast transition among different 
spindle states, which essentially corresponds to an unstable spindle. 
In contrast, in the nominal case of our model the state transitions hap-
pen on a comparable timescale as mitotic duration. This allows transi-
tion into the lowest energy state to take place within the timescale of 
mitotic duration, but there is usually insufficient time to transition out 
of it. Because the spinßßßßßßßdle cannot make state transitions mul-
tiple times during mitosis, the system is essentially operating away 
from equilibrium. Of note, this intermediate transition time is neces-
sary to rescue both monopolar and multipolar anomalies in our 
model. This is because the inter-CS energy of clustered CSs cannot 
be too different from that of separated CSs; otherwise, the system is 
unavoidably biased toward either the monopolar or the multipolar 
spindle. Given the limited energy difference between different spin-
dle states, the requirement for quick escape from the monopolar and 
multipolar states conflicts with the requirement for prolonged persis-
tence in the bipolar state. This conflict can be resolved only through 
the differential transition times explained previously. When the sys-
tem is operating away from equilibrium, the probabilities of arriving at 
a state can be very different from those in an equilibrium case. It is 
therefore not surprising to find some contrasting predictions between 
the two models, such as the dependence of spindle state on cell size.

Caveats and future work
Certain assumptions in our current model may be oversimplified 
and can be modified in future work. First, our current model focuses 
on CS dynamics, while lumping the dynamics of all other subcellular 
organelles, such as the chromosomes, MT network, and molecular 
motors, into the potential energies acting on the CSs. In principle, 
such simplifications approximate the true dynamics well if the dy-
namics of the lumped components is much faster than the CS dy-
namics that is explicitly resolved in the model, and their configura-
tions are roughly reversible as the CSs return to earlier positions. 
This condition, however, may not be true for all the lumped compo-
nents. For future work, we will refine the model with explicit consid-
eration of additional subcellular components and investigate to 
what extent these approximations are good. Of course, future ex-
periments will also provide more information in this regard.

Second, the study is built upon the premise that rescues from 
monopolar and multipolar spindles are mediated by the same mole-
cular machinery as the unperturbed normal bipolar mitosis. Hence, 
the two cases were modeled as two different initial conditions with 
the same parameter values. We would like to point out that this is 
true in certain scenarios. In some unperturbed cells, for instance, 
CSs do not separate before nuclear envelope breakdown (Rattner 
and Berns, 1976; Aubin et al., 1980; Waters et al., 1993; Whitehead 
et al., 1996; Rosenblatt et al., 2004; Toso et al., 2009) and normal 
spindle assembly in this case is technically equivalent to a rescue 
from the monopolar state. Moreover, cells that acquire four CSs 
through whole genome doubling have their MT abundance dou-
bled as well. In the model, correspondingly, the overall inter-CS po-
tential energies and forces scale with CS number when the param-
eters stay unchanged. Nevertheless, some defective scenarios may 
call for different parameter values. For example, if MT abundance 
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does not change with CS number, then the parameters for inter-CS 
forces may need to scale inversely with CS number. It would be in-
teresting for future experimental studies to compare the occur-
rences of various spindle states among CS abnormalities that arise 
from different causes and check the data against the model predic-
tions based on different parameter sets.

Third, the effective potential energies are assumed to be fixed 
during mitosis. In reality, MT dynamics are affected by intracellular 
signals. For instance, rapid degradation of cyclin B in late mitosis 
stabilizes the MTs connected to the kinetochores (Vazquez-Novelle 
et al., 2014), which constitute a significant fraction of MTs in late 
mitosis. As a result, inter-CS force fluctuation could be reduced in 
late mitosis; according to our model, reduction of force fluctuation 
would stabilize the spindle. Meanwhile, destruction of cyclin B is 
promoted by bioriented attachment of the kinetochores to the MT 
spindle (Musacchio and Salmon, 2007). Therefore, control of MT dy-
namics by cyclin B provides an extra screening mechanism that fa-
vors stable bipolar spindles. To better capture the changes in spin-
dle dynamics at distinct mitotic stages, in the future we will expand 
the model by accounting for the dependence of the potential ener-
gies on key intracellular signals as experiments suggest.

Finally, when exploring the effect of cell size/shape, we assumed 
that the potential energies do not change with cell size/shape. This 
assumption is reasonable when comparing cells with close genetic 
background and cell type, such as the tetraploid cell clones re-
ported in this work, which derived from the same parental diploid 
cells. However, when the difference in cell size/shape is due to dif-
ferent genetic background or distinct cell types (e.g., small somatic 
cells vs. large oocytes), the MT and motor dynamics may be modu-
lated differently and hence the potential energies could change. For 
future work, it will be interesting to experimentally measure MT and 
motor dynamics in different cell types, derive the corresponding ef-
fective potential energies in our model based on the data, and test 
whether our model prediction on the effect of cell size/shape holds 
true across different cell types.

CONCLUSION
Overall, our model provides critical mechanistic insights into bipolar 
spindle formation and a useful framework for future modeling and 
experimental studies on this topic. Particularly, the principles be-
hind robust bipolar spindle formation that we learned from the 
model can guide construction of more detailed and accurate mod-
els in the future. Combined with experimental investigations, the 
knowledge gained will enable translational applications such as in-
novative cancer therapies that target the CS clustering process.
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